In this paper a locking-free method, using mixed nite elements, is introduced to approximate the soluton of Naghdi shell problems with small parameter t, the thickness of the shell. The approach of Arnold and Brezzi 1] is employed with some important changes. Instead of proving the discrete Inf-Sup condition for arbitrary geometric coe cients, which does not seem possible, we prove a weaker stability condition for smooth enough geometrically dependent coe cients, which is su cient for deducing the optimal error estimate as long as h 2 =t is uniformly bounded. For extremely small t, we can relax this condition either using a larger bubble space or stabilizing the problem by replacing t 2 by t 2 + h 4 . In either case an optimal error estimate still holds.
Introduction
Finite element solutions of bending dominated thin shell models su er both shear and membrane locking. The special case of Reissner-Mindlin plates, where only shear locking is present, has been well understood and successfully overcome in several papers 12] 3] 13] 15] 16] using mixed nite element methods and by Bramble and Sun 9] using a discrete negative norm least squares method. For shells, the geometry and the membrane strain tensor make the problem far more complicated. There has been some work dealing with special cases, such as that of a cylinder 18]. But, as far as we know, there has not been any method mathematically proven to be locking free for the general case.
The paper of Arnold and Brezzi 1] brie y surveyed the literature, treated the Naghdi shell model as an abstract saddle point problem, gave a sequence of mixed nite element methods with triangle elements and proved an error estimate independent of t under the restrictive assumption that all the geometric coe cients are constant on each element. They conjectured that the assumption is only needed by their method for proving the discrete Inf-Sup condition. Suri 20] used an hp nite element method on paralellogram elements and he increased the order of approximation polynomials to allow polynomial geometric coe cients, which improved the result of Arnold and Brezzi with a certain added cost. It should be mentioned that all the geometric coe cients cannot be polynomials at the same time, unless they are all constants. They could, however, be approximated by polynomials. Stenberg and Chapelle 19] used stabilization techniques to avoid the discrete inf-sup condition. But the stabilization for the complicated Koiter shell model seems to be too expensive, and the analysis in the paper involved full regularity assumption which is by itself an open problem with some well-known negative results 2].
We believe that the approach of Arnold and Brezzi successfully avoided the trouble, which could be created by the membrane strain term, by introducing a seminorn instead of a norm for the new unknowns of shear and membrane stresses. Thus we also take this approach. In this paper, we de ne new unknowns for shear and membrane stresses in a slightly di erent way, which signi cantly eases the di culty of satisfying the discrete Inf-Sup condition. At the lowest order, piecewise constant elements are used for these new unknowns, continuous piecewise linear functions plus the bubble space B 3 is used for the rotations, and continuous piecewise polynomials of degree 2 plus the bubble space B 3 is used for the displacements. We prove a weaker stability result on the subspaces for smooth enough geometric coe cients. From this result, we know that when the coe cients are in C 0;1 and h 2 < Ct, the method is locking-free. We don't think that h 2 < Ct is a very restrictive condition, but if in any case, we have two ways to relax it. First, by using a larger bubble space B m for the displacements, we only need h m?1 < Ct. Alternatively, we can stabilize the problem by replacing t 2 by t 2 + h 4 . A number of papers used this sort of stabilization for Reissner-Mindlin plates (e.g. 13]). L 2 regularity of the shear and membrane stresses is needed to estimate the error introduced by this perturbation; there are no theoretical results proving this regularity on shells.
The rest of the paper is organized as follows. Section 2 describes the Naghdi shell model and some necessary geometric notation. Section 3 introduces the locking-free reformulation with shear and membrane stresses as new unknowns. Section 4 presents the abstract error estimate with our weaker stability assumption. In Section 5 the mixed nite element spaces are de ned and the stability is proven under the condition h 2 < Ct. Section 6 contains the two ways of relaxing the condition. Section 7 gives a brief and abstract description of the widely used reduced integration technique, followed by its application to our scheme. Letũ : x 2 7 ?!ũ(x ) 2 R 3 be the displacement of the shell atr (x ) 2 S, : x 2 7 ?! (x ) 2 R 2 be the rotation of the ber in the shell perpendicular to the midsurface atr (x ) 2 S.ũ(x ) = u i (x )ã i (x ), (x ) = (x )ã (x ). For u i ; 2 H 1 ( ), de ne the bending curvature tensor , the transverse shear strain tensor , and the membrane strain tensor as follows: p a:
The purpose of including (a ) in and (a ) in is to remove the geometric coe cients from certain terms as much as possible, so that there will be less trouble in satisfying a discrete stability condition. This theorem says that (4.18) provides a quasi-optimal approximation. An error estimate will depend on whatever regularity is valid for the exact solution (U; P) of (4.17), and the approximation properties of the spaces V h and W h . 
The di erence is that our new unknowns are de ned di erently from those in 1]. The way of de ning the new unknowns plays a very important role in the stability analysis. 6 Relaxing the condition \h 2 < C "
Strictly speaking, the condition h 2 < C means that the mesh size depends on the thickness of the shell. Although we feel that in practice h 2 < C is not very restrictive, we have two ways to relax this condition. If kPk W is bounded by a norm of F with a coe cient independent of , then we would have uniform convergence. This is indeed the case for Reissner-Mindlin plate with clamped boundary conditions, where the L 2 norm of the shear stress is bounded by the L 2 norm of the load. For shells, such a result is not known. For the Reissner-Mindlin plate with simply supported boundary conditions, it is known 2] that the L 2 norm of the shear stress is not uniformly bounded when tends to zero. Therefore this stabilization approach does not seem to be very promising for the shell problem with simply supported boundary conditions. However, we have the next method, which requires us to use larger bubble spaces, but will de nitely satisfy the stability assumption A2. Once h m?1 < C , the stability assumption A2 is satis ed, and the rest of the analysis in the previous section goes through. Therefore, for any xed > 0 and 0 < h < 1, there is an integer m such that h m?1 < and (5.35) with V h = V m h provides an approximation to the exact solution of (3.14) with quasi-optimal error estimate independent of . Remark: We have to recognize that the method given in this paper is only proved to be practically locking-free in the sense that in most cases h 2 < Ct or h 3 < Ct will be easily satis ed by a mesh size h determined by a reasonable accuracy requirement.
Reduced Integration Technique
The idea of reduced integration is widely used for problems which exhibit locking. Instead of specializing this idea to our method, we rst present a brief and abstract description of the technique. But if one directly discretize the problem, the error estimate will have the coe cient ?2 C 1 =C 0 , which is a typical locking phenomenon. The usual way of \unlocking" is the following locking-free reformulation:
Let P = ?2 LU and B(Z; Q) = C(LZ; Q). The idea of reduced integration is that the unknown quantity P h can be eliminated. One can always do this in the following way.
De ne a projection operator S h : W ! W h by C(S h R; Q) = C(R; Q); 8Q 2 W h : Then we have P h = ?2 S h LU h and B(Z; P h ) = C(S h LZ; P h ). Hence the problem reduces to A(U h ; Z) + ?2 C(S h LU h ; S h LZ) = F(Z); 8Z 2 V h :
When W h is a nite element subspace consisting of discontinuous piecewise polynomials, S h is easily computable.
The advantage of the last equation above is that it involves only the primitive unknowns, however, the algebraic system is poorly conditioned. In addition to the spectrum of the operator L and the elliptic operator associated to the bilinear form A, the condition number also depends on . On the other hand, the locking-free saddle point problem is much easier to solve since preconditioning and iterative techniques for such systems are better understood. In 5], for example, the positive de nite systems, resulting from the reduced integration method for the Reissner-Mindlin plate model, are preconditioned by introducing mixed reformulations.
To convert our mixed method in this paper to a reduced integration method, we just need to de ne L(ũ; ) = and use the framework given in this section.
We complete this paper with the following remarks:
Remark: Although we only described triangle elements, we believe that the technique of Lemma 1 can be used for arbitrary quadralateral elements.
Remark: This method is designed for bending dominated shell problems; further research is needed before we will be able to say whether or not it can be used on membrane dominated shells.
Remark: The hp method is widely believed to be the most promising method for shells. The reasons are clear: The exibility of high order polynomials can reduce the locking e ect, and there is no deterioration of the error estimate due to the reduced integration technique. But rogorous mathematical analysis is needed to support these ideas. In this paper, our goal has been to introduce a method with lowest order polynomials for bending dominated shell problems. Membrane dominated shells, and partially bending -partially membrane dominated shells, are not considered here.
